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Abstract. The main result herein is that the Walrasian titonnement process for a class of 
economies that generalizes those studied by Scarf and Hirote is globally stable if and only if 
the usual boundary conditions are satisfied. 
It is well known that the Walrasian titonnement process is not generically globally stable. 
Early counterexamples to global stability were provided by Scarf (1960) and Gale (1963). 
The difficulty of proving generic results is a corollary of the Sonnenschein-Mantel-Debreu 
theorem, which states that any continuous function is the excess demand function for some 
economy. However, recent results have revived interest in Walrasian tcitonnement processes 
by showing that the set of points in price-endowment space from which the process does not 
converge to equilibrium is small, although not of measure zero (Hirota, 1982; Scarf, 1982; 
Hirota, 1985). 
This paper provides a new result on the global stability of the Walrasian tcitonnement 
process. We make use of the economically plausible boundary condition that as the rela- 
tive price of any commodity goes to zero the excess demand for that commodity becomes 
strictly positive. In a specified set of economies, which include Scarf’s (1960) and Hirota’s 
(1982) examples of unstable titonnement processes, imposition of this boundary condition 
eliminates the unstable behavior. 
The geometric technique used to study these economies analyzes vector fields on the state 
space, and is closely related to phase diagram techniques (cf. Takayama). For the economies 
studied in this paper, simple phase diagrams are insufficient to answer stability questions. 
We appeal to the techniques of differential geometry to provide the additional information 
that is necessary to examine a global stability question. 
We study exchange economies with 3 goods and 3 consumers. The consumers’ endowments 
are represented by a 3 by 3 matrix [oij], where the ith column represents the endowments 
of the jth consumer. We restrict the initial endowments so that no consumer has a negative 
allocation of any commodity, and so that there is one unit of each good in the economy. The 
price space is the two dimensional simplex A+ with sides of length 3fi. The consumers’ 
utility functions are those specified by Scarf (1960), specifically 
Ui(Zri, t2i) E min{zjj,zki}, for j, k # i. (1) 
For any endowment matrix [crij], an excess demand function on the interior of the price space 
is a C” function t: At + F?t such that z(p) = (21(p), Q(P), -21(p) - 22(p)). The form 
of the third coordinate reflects the budget constraint that the net value of any consumer’s 





Pj + Pk 
for k,i #j; 
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where Mj is the money income of consumer j. Since .z is a C” function we can extend it to 
dA+ by taking limits, and we also denote this extension by Z. 
For the economy with endowments [aij], the Gtonnement process is defined by the equa- 
tion 
I; = 7 * %(P; [%jl), (3) 
where 7 G (71,72,7s) gives the rates of adjustment. In the classical Walrasian process, 
Vi 7i = 1. 
Let F,(t;po, [Iyij]) be the solution of (3) for endowments [aii] and initial condition po E 
A+. Our interest is to describe sets of utility functions and endowments such that F, 
converges to an equilibrium point for any initial condition po. More formally, Fz (t; po[aij]) 
is defined to be globally stable on A+ if lirntdoo F,(t;po, [aij]) exists and is equal for every 
initial condition po. The literature sometimes refers to this ss global asymptotic stability, 
since the equilibrium point may not be reached in any finite time. 
We impose the economically plausible boundary condition that as the price of a commod- 
ity falls to zero, the excess demand for that commodity becomes positive. We state this 
condition more formally: 
G(P) > 0, whenever pi = 0. (4) 
We will focus attention on economies with a unique equilibrium. These economies are 
characterized by 
LEMMA. There exists a unique equilibrium if and only if the boundary condition (4) and the 
inequality (2~11 - 2~11 + 1) (2% - 2as2 + 1) - (2%~ - 2~2) (2~2~ - 2~13~) # 0 are satisfied. 
THEOREM. Suppose that the economy has a unique equilibrium. If the boundary condi- 
tion (4) holds, then the tltonnement process (2) is globally stable for arbitrary positive rates 
of adjustment, 7. 
The proof of the theorem is involved and so details are not presented here, but are available 
from the authors upon request. The proof proceeds as follows. For any point p E A+, define 
the vector q(p) EE p’ -p, where p’ is the unique equilibrium. The excess demand vector z(p) 
can always be represented as a linear combination of q and Q vector perpendicular to q: that 
is, 4~) = 4~) a q + P(P) . F, where T I q. We show that for the Scarf preferences (without 
substitution), (Y(P) is a quadratic polynomial in p, and for p # p+, a(p) > 0. This says 
that the excess demand vector points in the direction of the equilibrium point. Since the 
tcitonnement price adjustment process moves in the direction of the excess demand vector, 
it follows that the Gtonnement price path is always tending toward the equilibrium. 
Scarf (1960) and Hirota (1982) examine the 3 good, 3 consumer economy with preferences 
given by (1). They impose the additional restrictions that 
3 
c 
Uij = 1, for j= l,... ,3; (5) 
i=l 
and that 7 z (1, 1,l). Under these restrictions Scarf constructs examples in which the 
Gtonnemenl process lacks global stability. Hirota provides conditions on the space of en- 
dowments for this economy, under which Gtonnement will be unstable. Our theorem states 
that for Hirota’s special set of endowments, the excess demand functions (2) violate the 
boundary condition (4). 
An easy verification of the theorem for the special case described by Scarf and Hirota is 
obtained by characterizing the subset of endowments for which (2) satisfies (4). This subset 
of endowments is defined by 
(i) ~11, ~22, and (1% are all positive, and 
(ii) 4a11 a22 > (a12 + a21 - 1)2. 
A comparison with Hirota shows that these are exactly the conditions under which Glonne- 
ment is stable, as is consistent with the application of our theorem to this special case. 
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The theorem does more than show that the titonnement process eventually approaches 
the equilibrium. It also shows that each set of prices called out by the Walrasian auctioneer 
is always closer to the equilibrium than the previous set. 
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